We investigate classical solutions of string field theory proposed by Takahashi and Tanimoto in the case of even order polynomial functions. The BRS charge and the Feynman propagator of open string field theory expanded around the solution are specified by Jenkins-Strebel quadratic differential, which describes geometry of the string worldsheet. We show that the solution becomes nontrivial when two second order poles of the quadratic differential coincide each other on the unit disk. In this case, an open string boundary shrinks to a point. * )
§1. Introduction
Classical solutions in string field theory (SFT) are extensively investigated since Sen and Zwiebach 1) have demonstrated that the Lorentz invariant classical solution of the cubic open string field theory 2) corresponds to the nontrivial vacuum of the tachyonic potential. They evaluated the solution and the D25-brane tension using the level truncation scheme, 3) which truncates string field at finite mass level. Surprisingly, their estimation of the tension at level (4, 8) approximation amounts to 99% of the expected value. Following their successful result, a lot of work using level truncation scheme were made * ) and they support Sen's conjecture.
5)
However, the level truncation analysis is insufficient to prove and understand Sen's conjecture completely. In particular, worldsheet geometry behind physics of tachyon condensation will be lost by truncating the string field at finite level, since one needs infinite degrees of freedom to describe string propagation on a worldsheet, which is a Riemann surface. One possible way to discuss such problems is to consider an exact solution of equation of motion of SFT, since it will contain infinite degrees of freedom enough to describe a string worldsheet.
One attempt in this direction is vacuum string field theory (VSFT). They also made an observation that a closed string amplitude can be obtained by calculating a correlation function of the gauge invariant closed string operator 13) with the regularized propagator. Since geometry of the worldsheet is same as the case of ordinary open string theory, an effect of tachyon condensation is due to the regularization procedure. However, it is still not clear whether such prescription is correct since there is no principle of determining appropriate regularization procedure.
On the other hand, another approach based on exact classical solutions was proposed in Ref. 16 ). The classical solutions are called universal solutions, since they belong to the universal subspace of the open string Hilbert space. 12) In contrast to VSFT, the BRS charge obtained by expanding SFT action around universal solution depends on the matter part of open string conformal field theory. Therefore disappearance of open strings is quite nontrivial problem in this approach. The solution is not unique but has a wide variety of functions on complex plane. Each solution is uniquely specified by this function. In Ref. 16 ) the most simplest solution with one real parameter was discussed; at a boundary of the parameter space the solution is nontrivial, and at an interior of the parameter space the solution becomes a pure gauge solution. Subsequently, the cohomology of the BRS charge was investigated in Refs. 17), 18), and it was shown that at a boundary of parameter space the cohomology is trivial, hence there is no open string.
After these works, Drukker made an important observation that the propagator obtained from an nontrivial universal solution generates a worldsheet whose boundary shrinks to a point.
14), 15) This mechanism will explain disappearance of open string from a worldsheet geometrical viewpoint; actually in Ref. 14) worldsheet geometry of a purely closed string amplitude is discussed.
In this paper, we elaborate such geometrical treatment of string propagation by considering a class of universal solutions made from polynomial functions. We identify the function specifying each solution as a quadratic differential on the complex plane. Quadratic differential was extensively used in the development of the perturbation theory of SFT.
19)-23)
Feynman diagrams studied in those days are obtained by connecting flat strip or cylinder whose geometry is locally trivial; quadratic differential was used to understand the moduli space of complex Feynman diagrams with many propagators and vertices. Now our interest is a single propagator deformed by a classical solution of string field theory. It has locally nontrivial geometry represented by poles or zeros of the quadratic differential.
The paper is organized as follows. In section 2 we review basic facts about universal solutions. 16) In particular, we focus on an algebraic property of the space of functions labeling each solution. In section 3 we define the subspace of universal solutions made from even order polynomial functions explicitly, and show that the solution is nontrivial when zeros of corresponding function are on the unit circle. In section 4, we show that the function labeling each universal solution defines a quadratic differential describing world sheet geometry, and plot some examples of trajectory diagrams. §2. Universal solutions Universal solution 16 ) is a background independent, Lorentz invariant classical solution of cubic open string field theory.
2) The solution is given by
where I is the identity string field. F is a function on the complex plane. It satisfies the following conditions 
where Q(f ) and C(f ) are defined by integrals over the unit circle γ as
From the condition (2 . 2), g(w) must satisfy
We shall call g(w) satisfying Eqs. (2 . 6) and (2 . 7) as universal function, since it specifies universal solution and the BRS charge uniquely, and will be used frequently in the following. Eq. (2 . 4) allows us to obtain various BRS charges by choosing universal function. Note that universal functions form an Abelian group with respect to ordinary multiplication of functions. More precisely, let F be a set of all universal functions. Then it is easy to see that f, g ∈ F → f g ∈ F , (2 . 8) using Eqs. (2 . 6) and (2 . 7). Furthermore, the identity element and an inverse are given by g(w) = 1 and 1/g(w), respectively. Thus F is an Abelian group with respect to ordinary multiplication. * ) We omit 1/2πi factor in contour integrals.
4
As shown in Refs. 16), 17), there exists a homomorphism from F to the space of field redefinitions acting on the string field. To see this fact, let us define the conserved ghost current q(h) as
where J gh (w) =: c(w)b(w) : is the ghost number current. * ) Using this current, we can construct a field redefinition operator as
Applying this operator to the BRS charge (2 . 4), we have the identity shown in Ref. 17 ):
From the above equation, one easily finds that
is satisfied. Thus, the homomorphism mentioned above is given by g → E g . Moreover, this Abelian group is also homomorphic to the Abelian subgroup of gauge group of SFT.
Remember that universal solution (2 . 1) can be rewritten into pure gauge expression like as
where U g = e q L (log g)I is an element of gauge group of SFT, * * ) and q L (log g) is an integral of log g(w)J gh (w) on the left half of unit circle. 16) Using formulas in Ref. 16 ), we can see that
holds. Above equation gives a homomorphism from the space of universal functions F to the subspace of SFT gauge group generated by U g . Therefore, we can argue structure of this subgroup by analyzing F . In order to classify universal solutions, it is convenient to focus on the operator E g .
Though Eq. (2 . 11) always gives well defined transformation between BRS charges, it happens that E g is a singular transformation on the string field. We can extract this singularity by rewriting E g into normal ordered form as e q(log g) = N : e q(log g) : .
(2 . 15) * ) q(h) is designed to be conserved on the N -string vertex of SFT by subtracting the ghost number anomaly.
* * ) An exponential in U g is made of star products, i.e.,
5
A constant N is infinite of zero in a singular case. An equivalence of SFT actions under transformation Ψ ′ = E g Ψ holds only if E g is regular, since otherwise Ψ ′ is ill-defined. Therefore, two theories with different BRS charges are equivalent if they are related by regular transformations. Our aim is to give all singular solutions up to regular field redefinitions, and to classify them. This will be accomplished as follows; let F r be a subgroup of F giving regular transformation. Then, the space of inequivalent solutions is the coset
In particular, the identity element of K corresponds to the ordinary BRS charges Q B . Other elements represent BRS charges which are not equivalent to Q B , and not equivalent with each other.
It is surprising that a classification of exact solutions of SFT -which involves complicated structure of the star product in general -reduces to rather simpler problem of Abelian group of multiplication of universal functions. §3. Even finite universal solutions
Let us consider an universal function with finite powers of w. It can be decomposed as
where g + (w) and g − (w) are even and odd functions of w, respectively. By imposing Eq. (2 . 7) on Eq. (3 . 1) , we see that these functions must satisfy
We can consider a subset of universal functions satisfying g − (w) = 0, since in this case g(w)
still satisfies the condition (2 . 7) and actually belongs to a subgroup of F generated by even polynomial functions. In the following, we limit ourself to this case, since it has simpler structure than the case involving the odd part * ) . In this case, the Laurent expansion of g(w)
is given by
where N is a positive integer and we have used Eq. (2 . 6). It is convenient to rewrite Eq.
(3 . 3) into a rational form like
When the odd part is involved, some Laurent coefficients of g(w) become pure imaginary.
6
where P 2N is a 2Nth order polynomial of w 2 . From Eq. (2 . 6), it is clear that if X is a zero of P 2N , X −1 also must be a zero of P 2N . Thus, the universal function can be expressed as
where X k (k = 1, . . . , N) are complex parameters. Since X k and X k −1 appear in pairs, we can set |X k | ≤ 1 without loss of generality. The constant λ in Eq. (3 . 5) is determined from Eq. (2 . 7) as
Note that Eq. (3 . 5) can be represented as a product of 'N = 1' universal functions as
where
A further condition must be imposed on the set of parameters {X k } by requiring Hermicity of the BRS charge. As shown in appendix A, Hermicity of Q g is equivalent to reality of g(w) on the unit disk. From Eqs. (3 . 7), (3 . 8), and (3 . 9), we find that
is satisfied on the unit disk. From Eqs. (3 . 7) and (3 . 10), Hermicity condition reads
Here, σ is a permutation which sends {1, 2, . . . , N} to {σ(1), σ(2), . . . , σ(N)}. Thus we have obtained a class of universal solutions defined by Eqs. (3 . 5), (3 . 6) and (3 . 11). We call it as 'even finite universal solutions'. Each solution is labeled by a set of parameters {X k } which satisfies Eq. (3 . 11).
Now that the even finite solutions are defined explicitly, we may specify nontrivial solutions among these by performing normal ordering defined by Eq. (2 . 10) on the field redefinition operator E g .
If we write h(w) = log g(w), this operation is expressed as
where q + (h) and q − (h) are the positive and negative frequency parts of q(h), respectively.
Using formulas in appendix B, we obtain
Since |X k | ≤ 1, the factor 1 − X k X l in Eq. (3 . 13) becomes zero if and only if both of X k and X l are on the unit circle. Furthermore, the 1 − X k 2 factor in Eq. (3 . 13) becomes zero when X k = ±1, where X k is also on the unit circle. Therefore, E g becomes singular field redefinition if at least one of {X k } lies on the unit circle. Since regular E g corresponds to trivial pure gauge transformation, 16) we conclude that even finite universal solution is nontrivial if and only if some zeros of g(w) * ) lie on the unit circle.
Our next task is to obtain an 'irreducible' nontrivial solution, by removing regular part from singular solution. For example, consider a nontrivial even finite solution given by an universal function g(w) which has some zeros on the unit circle. Suppose a factorization g(w) = g r (w)g(w), (3 . 14) where g r (w) andg(w) are even finite universal functions such that g r (w) has all zeros inside the unit disk whereasg(w) has some zeros on the unit circle. Using Eq. (2 . 11), we can remove g r (w) by a regular field redefinition, and can get reduced universal functiong(w). Though we have assumed the factorization (3 . 14) , we don't know whether it is always possible at this stage. In the following, we shall prove that it is the case. To prove the factorization, we must take into account Hermicity condition (3 . 11). First it is useful to consider a special element of F such that the permutation of Eq. (3 . 11) is cyclic. In this case, we can set and an universal function has an expression
where the overscript c denotes "cyclic" and n is given by Let us now return to the case of general even finite universal function with a permutation σ. It is well known that any permutation can be written as a direct sum of cyclic permutations. This fact means that g(w) factorize into a product of 'cyclic' functions defined by Eq.
(3 . 18) like as
(w), (3 . 20) where M is a number of cyclic permutations contained in σ. If X k is inside the unit disk, we can remove g c X k
(w) by applying field redefinition operation on the BRS operator. Let us assume that {X 1 , X 2 , . . . , X m } (m < M) are located on the unit circle and other zeros are inside unit disk. Then, g(w) factorize into singular and nonsingular parts as Eq. (3 . 14). Removing the regular part from g(w), we arrive at an irreducible universal functioñ
Therefore, it must be said that if we apply a field redefinition on the BRS operator, any nontrivial even finite universal solution can be reduced to a solution such that all zeros of g(w) lie on the unit circle. In other words, we have proved that the coset space K defined by Eq. (2 . 16) is a set of all universal functions whose all zeros are on the unit circle.
We have seen that the unit circle and zeros of the universal function play a crucial role on the classification of the even finite universal solutions. We will consider geometrical nature of these objects in next section. §4. Feynman propagator in Siegel gauge
Quadratic differentials
In the following discussion we take g(w) to be an even universal function defined by 
where v n is defined by
and L ′ n = L n + nq n + δ n,0 is the twisted Virasoro generator with central charge c = 24; a is a constant * ) coming from the pure ghost term of Q g . Thus the kinetic operator is specified by the vector field
This vector field satisfies following conditions, acts on a primary field of dimension d in the twisted CFT as
where z t (w) is an one-parameter family of conformal maps. It is well known that z t (w) is given by the following formula:
In principle, we can obtain an expression of z t (w) as a formal power series in t. In order to obtain a closed expression of this conformal map, it is useful to consider the differential equation which follows from Eq. (4 . 7):
24), 25) v(w)∂ w z t (w) = v(z t (w)). (4 . 8) * ) Though this constant is irreverent for our discussion, it will be important if we consider the spectrum of L v . * * ) We omit the b 0 factor in the propagator. * * * ) Wick rotation must be taken into account.
When v(w) is given, one can integrate the above equation and can obtain a finite conformal map.
In order to investigate worldsheet geometry, it is quite useful to rewrite Eq. (4 . 8) into an equation of a meromorphic one form and to square it. By doing this, we get
(4 . 9)
Here, dz 2 = dzdz is a tensor product of one forms. * ) Above equation suggests existence of a meromorphic quadratic differential 26) associated with open string propagator,
where z is a complex coordinate. Once quadratic differential is introduced, we can interrupt Eq. (4 . 9) as follows. Let us consider a region R in the complex plane such that z t (w) is single valued. Then Eq. (4 . 9) defines an one-parameter family of line elements whose values of the quadratic differential are equal. Remember that a trajectory of a quadratic differential is defined as an integral curve of line elements on R which leaves arg ϕ(z)dz 2 invariant. 26) Therefore, the integral curve defined by Eq. (4 . 9) is a trajectory of the quadratic differential (4 . 10). In Appendix C we will show that z t (w) actually defines horizontal trajectories. Among various trajectories of the quadratic differential, the unit circle plays a special role. In fact, it turns out to be always vertical trajectory. This can be seen by introducing parameterization w = e iθ . The value of quadratic differential on the unit circle is evaluated
where we have used Eq. (4 . 2) and reality of g(w) on the unit circle. In addition, using Eqs. (4 . 3) and (4 . 4), we can see the the quadratic differential is invariant against BPZ inversion
From above result, it is enough to consider inside unit disk, since trajectories outside unit circle is a BPZ inversion of that of inside unit disk. Taking a starting point w on unit circle, one can uniquely determine a horizontal trajectory goes inside unit circle as illustrated in Fig. 1 . Thus we can interrupt z t (w) as time evolution along the horizontal trajectory starting from unit disk, with coordinate w. * ) Notice that dz 2 does not means dzdz. Geometry of a worldsheet is determined by trajectory structure of the quadratic differential. In particular, vertical trajectories correspond to equal time lines of conformal fields.
Since the quadratic differential is coordinate independent object, its trajectory structure is determined by a type of poles or zeros and coefficients of the quadratic differential near second order poles, which is also coordinate independent.
26)

Regular solutions
From Eqs. (3 . 5) and (4 . 2), a general form of the quadratic differential obtained from even finite universal solution is given by
Now we shall investigate trajectory structure of regular solutions where all of X k are inside the unit disk. There are 2N second order poles inside the unit disk, 2N second poles outside the unit disk, and a zero of order (4N − 2) at the origin. Here we list some features of the worldsheet obtained from Eq. (4 . 13).
• Trajectory structure near a second order pole is determined by its behavior around the pole. In general, near a second order pole √ X, the quadratic differential behaves as
where a −2 is a constant. If a −2 is real and positive, * ) the vertical trajectory is a closed curve surrounding the pole (see Fig. 2 ). For convenience, we consider a case where all poles have positive coefficient in later examples.
• For a second order pole √ X k inside the unit disk, there always exists other pole X
outside the unit circle (Fig. 3) . This follows from Hermicity condition (3 . 11) . This pair of poles correspond to initial and final states of propagating open string. In order to draw vertical trajectories in the z plane, it is convenient to introduce a flat (or 'distinguished') coordinate of the quadratic differential (4 . 13):
Integrating above equation, one can finds
where ρ is defined up to a sign and a constant. * ) Since a vertical trajectory in the flat coordinate is a vertical straight line, i.e., a curve which satisfy Re ρ = const. , a vertical trajectory in the z plane is given by the condition Re(Φ(z)) = r. (r ∈ R) (4 . 17) * ) Using Φ(z) and Eq. (4 . 9), we can find a formula z t (w) = Φ −1 (Φ(w) + t), which is equivalent to the formula in Ref. 27 ).
Here we shall give some examples. Using the general expression of universal function (4 . 13), we plot vertical trajectories of of N = 1 (Fig. 4), N = 2 (Fig. 5) and N = 3 (Fig. 6) functions. Positions of poles are chosen so as to satisfy Eq. (3 . 11). In these examples, entire z plane can be divided into several regions containing a pair of poles. The worldsheet is made of copies of these regions. Eq. (4 . 16) maps one of each regions into flat strip, and a choice of regions depends on a choice of a branch of the conformal map.
Although we have derived this conformal map from the propagator in Siegel gauge, it can be also obtained from a gauge invariant discussion as follows; suppose that a BRS charge with universal function g(w) is obtained from ordinary BRS charge Q B by twisted conformal transformation:
where U ′ f is a finite conformal transformation with a map z = f (w) in the twisted CFT, and N is a real constant. Using the fact that the BRS current transforms like a weight two operator up to the pure ghost term, 18) and using the relation J ′ B (w) = wJ B (w), where J ′ B (w) is the twisted BRS current, we can compute the right hand side of Eq. (4 . 18) as
By comparing this expression to the left hand side of Eq. (4 . 18), we obtain 20) or rewriting above equation into one form and squaring, we get
The right hand side of Eq. (4 . 21) is nothing but the quadratic differential in the disk coordinate w. Indeed, we can obtain Eq. (4 . 15) from Eq. (4 . 21) using a coordinate transformation w = e N ρ . Therefore, the conformal transformation z = f (w) maps a disk worldsheet into a certain region in the z plane, and Eq. (4 . 21) represents a coordinate transformation of the quadratic differential.
Singular solutions
In the case of singular solutions, any universal function can be taken to have all zeros on the unit circle. In the language of the quadratic differentials, these zeros correspond to second order poles on the unit disk, as seen from Eq. (4 . 13). Since a pole √ X k inside the unit disk is always paired with another pole X −1 k outside the unit disk, they coincide with on the unit disk and become single fourth order pole. Thus we conclude that quadratic differential associated with singular even finite universal solution must have fourth or more higher order poles on the unit circle.
In the case of regular solutions, we find that the boundary of open string is a critical trajectory 26) connecting two second order poles across the unit circle (Fig. 7) , since it is true for strip or disk coordinates. A forth order pole of an nontrivial solution corresponds to two second order poles coincide on the unit circle. The horizontal trajectory in Fig. 7 no longer exists in this case (Fig. 8) . Therefore, the open string boundaries no longer exist in the worldsheet made by nontrivial solutions, and it should represent closed string propagation as claimed in Ref. 14) . This mechanism explains disappearance of open strings, which is necessary to support Sen's conjecture in our context. We illustrate this mechanism in Figs. 9 and 10. Open string boundary is a horizontal trajectory connecting these two poles. for the case of even order polynomial universal functions. Now it becomes clear that the universal solution uniquely determine string propagation around itself, and geometrical data of the worldsheet swept by the propagator are entirely encoded in the universal function.
Furthermore, we know that universal solution can be formally expressed as a pure gauge solution whose gauge group element is uniquely specified by the universal function. Therefore, these facts implies that the gauge group of SFT contains rich degrees of freedom which correspond to various string worldsheets.
We expect that all nontrivial solutions considered in this paper yield tachyon condensation and disappearance of open strings, since they have no open string boundaries. We have obtained a wide variety of nontrivial solutions, though the stable vacuum of the tachyonic potential must be unique if we believe Sen's conjecture. If it is the case, these solutions must be related by some transformations. Therefore it is important to investigate whether these solutions are equivalent. 28) Furthermore, to confirm the conjecture that nontrivial universal solutions give closed string propagation, we must calculate closed string amplitudes using these solutions. Some authors suggest that zero momentum dilaton lives on the shrunken boundary. Although we have discussed the even finite universal solutions only, it would be interesting to consider other cases. First, we must consider nonpolynomial universal functions, since they appear as inverse elements of polynomial universal functions with respect to the Abelian multiplication discussed in section 2. Another example of nonpolynomial type solution which yields pure ghost BRS charge was given in Ref. 15 ). In addition, polynomial type solutions with odd part also must be considered.
where we have used w = 1/w in the second line. In similar way we can show that C(f ) is Hermite if f (w) = w 4 f (w) is satisfied on the unit disk. When
we can show that f (w) = w 4 f (w) is satisfied using Eq. (A . 4). Thus we have shown that
is real on the unit disk.
Appendix B The ghost current operator
We shall evaluate the Laurent expansion of h(w) = log g(w) on the unit circle, since all fields and functions in this paper are defined around the unit circle. First, recall that even finite universal function satisfy g(w) = g(w) on the unit circle. Moreover, using cyclic decomposition (3 . 20), we can write Eq. (3 . 7) as then Hermicity of Q g follows from that of Q B .
Appendix C Finite confocal map and horizontal trajectory
Here we show that the conformal map z t (w) defined by Eq. and go inside the unit circle with t decreasing and θ fixed. A curve obtained in this way is nothing but a horizontal trajectory in the ρ coordinate, and it is also horizontal in the z coordinate.
